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We provide a description of the transverse momentum spectrum of single inclusive forward jets produced 
at the LHC, at the center-of-mass energies of 7 and 13 TeV, using the high energy factorization (HEF) 
framework. We subsequently study double inclusive forward jet production and, in particular, we 
calculate contributions to azimuthal angle distributions coming from double parton scattering. We also 
compare our results for double inclusive jet production to those obtained with the Pythia Monte Carlo 
generator. This comparison conﬁrms that the HEF resummation acts like an initial state parton shower. It 
also points towards the need to include ﬁnal state radiation effects in the HEF formalism.
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
Processes with jets produced at forward rapidities offer unique 
access to the corner of phase space where the magnitude of the 
longitudinal momentum of one of the incoming partons is close to 
that of the proton, whereas the other parton carries very small 
fraction of proton’s longitudinal momentum, x  1. The latter 
leads to appearance of large logarithms, αs ln(1/x), from initial 
state emissions, which should be resummed, e.g. by means of the 
BFKL equation [1–3], for moderate values of x, or its nonlinear ex-
tensions [4–9] if the x is small. The resummation leads to gluon 
distributions that depend not only on x, but also on the transverse 
component of gluon’s four-momentum, kt , and the hadronic cross 
section factorizes into a convolution of such unintegrated gluon 
distributions and the corresponding off-shell matrix elements. This 
approach, commonly referred to as kt -factorization or high energy 
factorization (HEF) [10], will be the basic framework used to study 
forward jet production in this work. It is worth mentioning that 
HEF-based approaches to forward jet physics stimulated very in-
teresting, recent theoretical developments like the effective TMD 
approach to dilute-dense collisions [11] or dedicated applications 
of soft-collinear effective theory (SCET) formalism [12].
Alternatively to the above, one can attempt to calculate pre-
dictions for the production of forward jets using general purpose 
Monte Carlo (MC) programs, such as Pythia [13] or Herwig [14], 
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SCOAP3.which are based on the collinear factorization of a 2 → 2 process, 
supplemented with an initial- and a ﬁnal-state parton shower (PS). 
The advantage of this approach is that it allows one to include 
a range of potentially important physical effects, such as multi-
parton interactions, ﬁnal-state radiation and non-perturbative cor-
rections. At the same time, however, it lacks formal resummation 
of terms enhanced with αs ln(1/x) and the correct behaviour at 
low x is only modelled by appropriate initial condition for evolu-
tion of the collinear parton density functions.
The collinear-factorization, MC tools employing collinear fac-
torization are currently very well developed and have also been 
successfully used to describe production of forward jets at the LHC 
(for the latest review see [15]). On the other hand, the recently 
developed HEF-based tools like AVHLIB [16] and LxJet [17] form a 
milestone in HEF calculations, they are, however, still at the stage 
where they can proﬁt from further improvements, as they do not 
include effects of multi-parton scattering nor a modelling of the ﬁ-
nal state interactions as for instance is the case in HEF Monte Carlo 
generator CASCADE [18].
The aim of this work is to make a few steps towards more re-
alistic theoretical description of the forward jet production in the 
framework of the high energy factorization by investigating the im-
portance of a range of physical effects neglected in earlier analyses. 
These include: contributions to the hard scattering coming from 
diagrams with off-shell quarks, contributions from double-parton 
scattering and the effects of ﬁnal-state radiation.
The article is organized as follows. We start in Section 2 from 
studying how the current state-of-the-art HEF framework fares in  under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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jet production. Then, in Section 3, we turn to dijet production and 
study potential importance of several physical components that 
were not considered in the description of forward jet production 
so far [19,20]. In particular, in Section 3.1, we use the results from 
single inclusive jet production to construct double-parton scatter-
ing (DPS) contributions to dijet processes and asses their relevance. 
Then, in Section 3.2, we compare HEF results for forward dijet 
spectra with those from the Pythia MC generator, which include 
full parton shower, i.e. the initial- (ISR) and the ﬁnal state radi-
ation (FSR). All the above allows us to quantify effects that are 
currently not included in phenomenological analyses within the 
HEF framework.
2. Single inclusive forward jet production
The single inclusive jet production is a process which can di-
rectly probe partonic content of the proton without a need for 
large corrections from fragmentation functions. What makes it in-
teresting is the possibility to apply the appropriate formula already 
at leading order in high energy factorization. This is to be con-
trasted with collinear factorization, where the 2 → 1 emission ver-
tex vanishes identically and one has to account for higher order 
corrections either at ﬁxed order of αs , or with a parton shower.
The single inclusive jet production process can be schematically 
written as
A + B → a + b → jet+ X , (2.1)
where A and B are the colliding hadrons, each of which provides 
a parton, respectively a and b. X corresponds to undetected, real 
radiation and the beam remnants from the hadrons A and B are 
understood in the above equation.
The longitudinal kinematic variables read
x1 = 1√
s
pt,jet e
yjet , x2 = 1√
s
pt,jet e
−yjet , (2.2)
where s = (pA + pB)2 is the total squared energy of the colliding 
hadrons while yjet and pjet are the rapidity and transverse mo-
mentum of the leading, ﬁnal state jet, respectively.
The hybrid, high energy factorization formula for the pro-
cess (2.1), justiﬁed for conﬁgurations with x1  x2, at the leading 
ln (1/x) accuracy,1 reads [23]
dσ
dyjetdpt,jet
= 1
2
π pt,jet
(x1x2s)2
∑
a,b,c
|Mab∗→c|2x1 fa/A(x1,μ2)
×Fb/B(x2, p2t,jet,μ2) , (2.3)
where F is a generic notation for the transverse momentum de-
pendent parton density (TMD), which is a function of the longi-
tudinal momentum fraction x, transverse momentum kt , and the 
factorization scale μ.
TMDs can be obtained in several ways. In particular, they can be 
constructed from collinear parton densities via the KMR procedure 
[24,25] or, in the approximation in which the gluon dominates 
over quarks, they can be obtained as solutions of low-x evolu-
tion equations [26–31]. The function x1 fa/A(x1, μ2) is a generic 
expression for the collinear parton density. The matrix elements 
|Mab∗→c |2 can be obtained via application of the helicity-based 
formalism [32–34] for off-shell partons or the parton reggezation 
approach [35]. The following channels contribute to the single jet 
production in HEF approach
1 At the NLO level, there exists an extension of this formula for single particle 
production [21,22].gg∗ → g , qg∗ → q , gq∗ → q , q¯q∗ → g .
(2.4)
The explicit expressions for the corresponding matrix elements are 
collected in Appendix A.
We now turn to predictions for the transverse momentum spec-
tra of the single inclusive forward jets at the LHC. We have per-
formed our calculations at the center-of-mass energies of 
√
s =
7 and 13 TeV. The event selection was applied by requiring a lead-
ing jet with pt,jet > 35 GeV in the rapidity window of 3.2 < |yjet| <
4.7, following the cuts used in the CMS analyses of Refs. [36,37]. 
For the on-shell partons, denoted by x1 fa/A(x1, μ2) in Eq. (2.3), we 
used the distribution from the CT10 NLO set [38]. For the off-shell 
partons, Fb/B(x2, p2t,jet, μ2), we chose the following set of distribu-
tions:
• The “KS nonlinear” unintegrated gluon density [39], which 
comes from an extension of the BK equation [28,29] following 
the prescription of Ref. [40] to include kinematic constraint 
on the gluons in the chain, non-singular pieces of the split-
ting functions, as well as contributions from sea quarks. The 
parameters of the gluon were set by the ﬁt to F2 data from 
HERA.
• The “KS linear” gluon [39], determined from linearized version 
of the equation described above.
• The “KShardscale nonlinear” unintegrated gluon density [41]
obtained from the “KS nonlinear” gluon by performing Su-
dakov resummation of soft emissions between scales given by 
a hard probe and the scale deﬁned by emission of gluons from 
the gluonic chain.
• The “KShardscale linear”, determined from linearized version 
of the equation described above.
• The “DLC2016” (Double Log Coherence) [42] unintegrated par-
ton densities for the gluon, and the quarks, determined fol-
lowing the KMR prescription [24,25]. These distributions are 
obtained from the standard, collinear PDFs supplemented with 
angular ordering imposed at the last step of evolution and re-
summation of soft emissions. The Sudakov form factor ensures 
no emissions between the scale of the gluon transverse mo-
mentum, kt , and the scale of the hard process, μ. The upper 
cutoff in the Sudakov form factor is chosen such that it im-
poses angular ordering in the last step of the evolution. The 
unintegrated parton distributions used in our study are based 
on CT10 NLO [38].
All HEF predictions in this and in the following section were ob-
tained with the forward program [44]. The code implements the 
hybrid high energy factorization for the single and double jet pro-
duction and it is capable of using both gluon and quark off-shell 
parton distributions.
As we see from the above list, all parametrizations except 
that of DLC2016, provide only off-shell gluons and neglect off-
shell quarks by assuming that their relative contribution is much 
smaller. The DLC2016 distributions provide the full set of partons 
and this gives us unique opportunity to verify this assumption.
In Fig. 1 we show predictions for various contributions to the 
single inclusive jet production obtained using Eq. (2.3) with the 
DLC2016 off-shell partons. It is evident that the off-shell quark 
contribution can be indeed effectively neglected and we can pro-
ceed just with the off-shell gluons in the initial state. The second 
interesting observation is that the qg∗ → q channel gives larger 
contribution than gg∗ → g at high transverse momentum while 
the two channels contribute comparably at lower pt,jet .
As the off-shell quark contributions are negligible, it is justi-
ﬁed to use all of the off-shell gluon sets listed above as an input 
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results are shown in Fig. 2, where the upper panel shows the 
absolute distributions, whereas the two lower panels show theory-
to-data ratio. We observe good compatibility of the predictions and 
the 7 and 13-TeV CMS data [36,37] across a range of unintegrated 
gluon distributions. We believe that this is a consequence of the 
TMD factorization applied to low-x physics [45], which states that 
the same gluon density (if saturation effects are negligible in the 
considered phase space region) is to be used for the F2 structure 
function and for the single inclusive gluon production.
3. Forward dijet production
Dijets can be produced either in a single-parton scattering (SPS)
A + B → a + b → jet+ jet+ X , (3.1)
where the partons a and b interact through a 2 → 2 process, or in 
a double parton scattering (DPS)
A + B → a1 + b1 + a2 + b2 → jet+ jet+ X , (3.2)
in which each of the incoming hadrons provides two-parton pairs 
ai + bi , which in turn undergo two 2 → 1 scatterings. The DPS 
can be though of as the single inclusive jet production process of 
Eq. (2.1) squared.
3.1. Results within HEF formalism
In general, in order to comply with the state of the art of 
theoretical development, description of the SPS process needs cor-
rections from the improved TMD factorization [11], as it gets con-
tribution from the so-called quadrupole conﬁgurations of colour 
glass condensate (CGC) states and the latter are important in the 
non-linear domain.
In the present letter, however, we focus on the region of az-
imuthal distance between the two leading jets, φ, where the 
bulk of linear and nonlinear KS densities [39] give comparable 
results [19] and our aim is just to quantify the potential correc-
tions coming from other physical effects like DPS contributions and 
ﬁnal-state parton shower. Encouraged by the good description of 
the single inclusive jet production, presented in Section 2, we aim 
at evaluation of the DPS contribution to inclusive dijet production 
in order to asses its relative impact with respect to SPS.
The formula for the SPS contribution to forward dijet cross sec-
tion reads [46,39]
dσ
pA→dijets+X
SPS
dy1dy2dp1tdp2tdφ
= p1t p2t
8π2(x1x2s)2
∑
a,c,d
x1 fa/p(x1,μ
2) |Mag∗→cd|2Fg/A(x2,k2t )
× 1
1+ δcd , (3.3)
where
x1 = 1√
s
(|p1t |ey1 + |p2t |ey2) ,
x2 = 1√
s
(|p1t |e−y1 + |p2t |e−y2) , (3.4)
are the fractions of incoming particles’ momenta carried by the 
partons participating in the hard interaction and
k2t = |p1t + p2t |2 = p21t + p22t + 2p1t p2t cosφ (3.5)
is an imbalance of the transverse momentum of the two lead-
ing jets, which, in the HEF formalism is equal to the off-shellness of the incoming gluon. The two leading jets are separated in the 
transverse plane by the angle φ.
The expressions for the matrix elements can be found in 
Refs. [46,39], while the parton densities, at the approximation we 
are working with, are of the same kind as for the single inclusive 
jet production. Our aim is now to identify and quantify potential 
corrections to the HEF framework encapsulated in Eq. (3.3).
One of the above may come from double parton scattering 
[47–52,42]. In general, the cross section for DPS involves parton 
density functions which take into account correlations of partons 
inside the hadrons before the hard scattering [53–56]. However, 
recent study of Ref. [57] shows that a factorized assumption for 
DPS is largely valid at high scales (Q 2 > 102 GeV2). Following this 
observation, we can therefore write
dσ
pA→dijets+X
DPS
dy1d2p1tdy2d2p2t
= 1
σeffective
dσ
dy1d2p1t
dσ
dy2d2p2t
, (3.6)
where σeffective = 15 mb, based on the recent measurement of the 
LHCb [58,59] collaboration, which conﬁrmed previous results of 
D0 [60] and CDF [61]. The explicit expressions for DPS cross sec-
tions are given in Appendix B.
The DPS contributions are in general expected to be strong in 
the low-pt region of phase space. In order to quantify the role of 
DPS in forward–forward dijet production, we have calculated the 
DPS contribution to the azimuthal-angle dependence. Of course, 
we expect that, in the approximation of Eq. (3.6), where the cor-
relations between incoming partons from different pairs are ne-
glected, the contribution will be just of pedestal type, thus only 
changing the overall normalization.
In Fig. 3 we show the SPS and the DPS contributions to the 
azimuthal angle distributions for various cuts on the hardest jet’s 
transverse momentum, set respectively at 35, 15, 10 and 5 GeV. 
We see that the relative contribution of DPS increases with lower-
ing the transverse momentum jet cut, but it is signiﬁcantly smaller 
than SPS at the experimentally relevant value of 35 GeV. We have 
checked that the picture looks very similar at 13 TeV.
3.2. HEF vs. collinear factorization
We now turn to the comparison of our HEF predictions for the 
forward dijet production with the results obtained within collinear 
factorization.2 To produce the latter, we have used the Pythia 8.2 
MC generator. To cluster parton level particles into jets, the anti-kt
algorithm [63] was used, as implemented in the FastJet pack-
age [64]. The cuts on the jets’ momenta were set to pt,1,2 > 20 GeV
and the rapidity window 3.2 < y1, y2 < 4.9 was imposed to select 
the jets. The jet radius was set to R = 0.5, as in the HEF calculation 
discussed in preceding subsection.
Pythia was set up to generate events including the leading par-
tonic sub-processes. For the comparison with HEF, the CT10 NLO 
PDFs [38] were used. Runs were performed at two proton–proton
collision energies: 7 and 13 TeV. For each energy, two sets of MC 
data were produced, distinguished by the ﬁnal state radiation (FSR) 
option turned on or off.
The comparison between the HEF and the collinear factoriza-
tion results in shown in Fig. 4. We see that, in the case in which 
FSR radiation is turned off, the two formalisms agree quite well in 
description of the pt spectra in the whole range of considered val-
ues. In the case of the azimuthal angle distributions, shown in the 
lower panel of Fig. 4, the results agree in the region of large and 
moderate angles and differ in the region of small angles.
2 The preliminary estimate of the result in HEF at 7 TeV has been performed 
in [43].
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DLC2016 [42] parametrization for the off-shell partons.
Fig. 2. Single inclusive forward jet production. Comparison of predictions for the transverse momentum distributions of a jet with CMS data at 7 [36] and 13 TeV [37]. The 
bands correspond to different gluon distributions used for calculations. The width of the bands comes from varying the factorization and renormalization scales by factors 12
and 2 around the central value equal to μF = μR = pt,jet . In case of KShardscale for 13 TeV, because of limited size of the available grid, we could vary the scale only by the 
factors 12 and 
3
2 . For better visibility, data and predictions with various unintegrated gluons were multiplied by factors 10
n , with n = 0, . . . , 4.We attribute the latter to the effect of different treatment of 
singularities in the two frameworks. In HEF, matrix element di-
verges as the two outgoing partons become collinear, see Ref. [11]. 
This divergence is regularized by the jet algorithm, which is re-
sponsible for the kink around φ = 0.5, seen in the lower panel of 
Fig. 4. On the other hand, in the case of Pythia, the shape of the 
distribution is a result of initial state radiation generated via par-
ton shower matched with the collinear matrix element. Since the 
collinear matrix elements have different singularity structure than the HEF matrix elements this leads to different results at small φ
[46,11].
In Fig. 5 we show a comparison between distributions obtained 
with Pythia but using two different PDF sets. As we see, both 
sets give similar results, hence, the qualitative differences between
Pythia and HEF, seen in Fig. 4 cannot be attributed to a choice of 
PDFs.
In Fig. 4, we also observe that turning on the FSR in Pythia
leads to change in normalization of both the pt and φ distribu-
tions. The spectra decrease by factor ∼ 2 for moderate and large 
598 M. Bury et al. / Physics Letters B 760 (2016) 594–601Fig. 3. SPS and DPS contribution to forward dijet production for various cuts on transverse momentum of a jet at the LHC at
√
s = 7 TeV.pt , as well as φ, values. Low-pt and low-φ parts of the distri-
butions are almost not affected by FSR.
The observed difference in normalization of the transverse mo-
mentum spectra can be explained by the energy loss of the leading 
hard parton that happens readily via FSR parton shower emissions. 
For a signiﬁcant fraction of events, this leads to the situation in 
which the parton originating from the hard collision splits into two 
partons separated by an angle suﬃcient to produce two lower-pt
jets. This mechanism takes the high-pt events from the tail of the 
spectrum without FSR and moves them to the region below the 
jet cut. Hence, they effectively do not contribute to the observables 
shown in Fig. 4.Finally, we mention that we have checked explicitly that the 
picture of Fig. 4 persists if Pythia events are supplemented with 
multi-parton interactions (MPI). Hence, forward dijet production in 
the collinear factorization framework is weakly sensitive to MPIs, 
which is consistent with the negligible effect of DPS in HEF, which 
we demonstrated in Section 2.
4. Conclusions
In this letter, we have studied double and single inclusive for-
ward jet production at the LHC within two formalisms: the high 
energy factorisation (HEF) and the collinear factorization.
M. Bury et al. / Physics Letters B 760 (2016) 594–601 599Fig. 4. Transverse momentum distribution and azimuthal decorrelation in forward dijet production. Comparison of predictions from high energy factorization, Eq. (3.3) with 
DLC2016 unintegrated gluon [42], and Pythia MC generator. We checked that including MPI has negligible effect on these distributions.We have demonstrated that the HEF framework describes well 
the single inclusive jet production at the LHC, at the center-of-mass 
energies of 7 and 13 TeV, and the main uncertainty comes from 
the unintegrated parton distributions. In this context, we have ob-
served that the contribution from the off-shell quarks is negligible 
for forward jet production.
We have also explicitly shown that for typical experimental 
cuts used in inclusive dijet production processes, the double parton 
scattering effects can be safely neglected. Finally, our study shows 
that the effect of the ﬁnal state radiation is not negligible and it 
leads to change of normalization of differential distributions in for-
ward dijet production.
Acknowledgements
We are grateful to Andreas van Hameren for careful read-
ing of the manuscript and numerous useful suggestions. We also appreciate comments from Piotr Kotko and Hannes Jung. The 
work of M.B. and K.K. has been supported by Narodowe Centrum 
Nauki (NCN) with Sonata Bis grant DEC-2013/10/E/ST2/00656. M.D. 
acknowledges hospitality of Instytut Fizyki Jadrowej, where the 
project was initiated, as well as the support from the NCN grant 
DEC-2013/10/E/ST2/00656.
Appendix A. Matrix elements
The matrix elements squared for three-parton processes, used 
in the calculation of the single inclusive forward jet distributions 
in Section 2 read
• gg∗ → g
|Mgg∗→g |2 = 4g2s
C A
N2c − 1
(k · q)2
k2t
, (A.1)
600 M. Bury et al. / Physics Letters B 760 (2016) 594–601Fig. 5. Comparison of results for forward dijet spectra obtained with different PDFs used in Pythia MC generator: MRST NLO [62] and CT10 NLO [38].• qg∗ → q
|Mqg∗→g |2 = 4g2s
C F
N2c − 1
(k · q)2
k2t
, (A.2)
• gq∗ → q
|Mgq∗→g |2 = g2s
C F
N2c − 1
(k · q) , (A.3)
• q¯q∗ → g
|Mq¯q∗→g |2 = g2s
C F
Nc
(k · q) . (A.4)
In the above, k and q are the momenta of the off-shell and on-
shell partons, respectively, kt is the transverse component of the 
off-shell momentum, gs is a strong coupling and Ci is a colour 
factor of the emitter: CF for a quark and CA for a gluon.
Appendix B. Double-parton scattering formulae
The explicit expression for the DPS contribution in the factor-
ized approximation reads
dσDPS
dy1dy2dp1tdp2tdφ
= 1
σeff
π
8
p1t
(x1x2s)2
p2t
(x¯1 x¯2s)2
×
(
|Mgg∗→g |2x1 f g/A (x1) +
n f∑
i=1
|Mqg∗→q|2x1 fq(i)/A (x1)
)
×
(
|M¯gg∗→g |
2
x¯1 f¯ g/A (x¯1) +
n f∑
i=1
|M¯qg∗→q|
2
x¯1 f¯q(i)/A (x¯1)
)
×Fg∗/B (x2, p21t)F¯g∗/B (x¯2, p22t)θ(1− x1 − x¯1)
× θ(1− x2 − x¯2) , (B.1)
where, in order to be compatible with the SPS formula (3.3), we 
have introduced an auxiliary azimuthal angle between the ﬁnal 
state jets, φ. The notation follows that of Eq. (3.3) except that 
now, each of the incoming particles provides a pair of partons whose energy fractions are given by x1 and x¯1 for hadron A, and 
x2 and x¯2 for hadron B . The theta functions guarantee that a pair 
of partons from a single hadron does not carry more than 100% of 
the hadron’s energy.
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